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SOME LOCAL MAXIMUM PRINCIPLES ALONG RICCI
FLOW
MAN-CHUN LEE1 AND LUEN-FAI TAM2
Abstract. In this note, we establish a local maximum principle along
Ricci flow under scaling invariant curvature condition. This unifies the
known preservation of nonnegativity results along Ricci flow with un-
bounded curvature. By combining with the Dirichlet heat kernel estimates,
we also give a more direct proof of Hochard’s [14] localized version of a max-
imum principle given by R. Bamler, E. Cabezas-Rivas, and B. Wilking [2]
on the lower bound of curvature conditions.
1. Introduction
Let (M, g0) be a Riemannian manifold, the Ricci flow is a family of metrics
satisfying
(1.1)
{
∂
∂t
g(t) = −2Ric(g(t)), in M × [0, T ];
g(0) = g0.
In the study of structures of manifolds, Ricci flows has been found to be a
very powerful tool. The preservation of certain geometric structure has proven
to be key to application of Ricci flows. Various kind of differential inequalities
are obtained for a geometric quantity ϕ. Then one simple way to get useful
results is to apply maximum principles. In this work, we are interested in the
following two differential inequalities along the Ricci flow:
(1.2)
(
∂
∂t
−∆g(t)
)
ϕ ≤ Lϕ,
for some continuous function L(x, t) on M and
(1.3) (∂t −∆g(t))ϕ ≤ Rϕ +Kϕ2
where K is a positive constant and R is the scalar curvature of g(t). We have
the following local maximum principles for these two cases:
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Theorem 1.1. Suppose (Mn, g(t)), t ∈ [0, T ] be a smooth solution to the Ricci
flow which is possibly incomplete such that
(1.4) Ric(g(t)) ≤ αt−1
on M×(0, T ] for some α > 0. If ϕ(x, t) is a continuous function which satisfies
ϕ ≤ αt−1 and (
∂
∂t
−∆
)
ϕ
∣∣∣
(x0,t0)
≤ L(x0, t0)ϕ(x0, t0)
for some continuous function L(x, t) with L ≤ αt−1 in the sense of barrier
whenever ϕ(x0, t0) > 0. Suppose p ∈M such that B0(p, 2) ⋐M and ϕ(x, 0) ≤
0 on B0(p, 2), then for any l > α + 1, there is Tˆ (n, α, l) such that for t ∈
[0, T ∧ Tˆ ],
ϕ(p, t) ≤ tl.
For ϕ satisfying (1.3), we also have the following local persistence of ϕ for
a short time which was first proved by Hochard, see [14, Proposition I.2.1].
Theorem 1.2. Suppose g(t) is a smooth Ricci flow on Mn×[0, T ] which maybe
incomplete and satisfies
(1.5)
|Rm(g(x, t))| ≤ αt−1, for (x, t) ∈M × (0, T ];
Ric(g0) ≥ −σ, for (x, t) ∈M × (0, T ];
injg(t)(x) ≥
√
α−1t, for all (x, t) ∈M × (0, T ] with Bt(x,
√
α−1t) ⋐M
Suppose ϕ is a nonnegative continuous function on M × [0, T ] satisfying (1.3)
and {
ϕ(0) ≤ δ, on M ;
ϕ(t) ≤ αt−1, on M × (0, T ].
Let p ∈ M be a point satisfying B0(p, 3RT 12 ) ⋐M for some R > 0. Then
ϕ(p, t) ≤ C((RT 12 )−2 + δ)
for t ∈ [0, T ] for some constants C > 0 depending only on n, α,K, v0.
For the definition of barrier sense, we refer readers to [5, Chapter 7].
If M is compact without boundary or M is noncompact and g(t) is com-
plete with uniformly bounded curvature, then Theorem 1.1 is by now stan-
dard (see [26] for example). Nevertheless, there are a number of existence
results in which the initial metric is complete with possibly unbounded cur-
vature and was found to be very useful in the study on complete manifolds,
see [1, 2, 3, 8, 15, 16, 18, 11, 13, 27, 29, 31] for related works on the exis-
tence theory of Ricci flow with initial metric of possibly unbounded curvature.
Moreover, most of the known examples satisfy a scaling invariant curvature
upper bound Ric(g(t)) ≤ αt−1 for some α > 0 when t > 0 is small. By a
scaling argument, Theorem 1.1 will imply the preservation of nonnegativity of
most known curvature conditions under the assumption |Rm(g(t))| ≤ αt−1 in
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the complete non-compact case, see Theorem 3.2 for the full list of conditions.
It also implies the preservation of Ka¨hler conditions, see [26, 12].
If ϕ is only assumed to be bounded from above by a positive constant, then
Theorem 1.1 will not be enough to obtain upper bound of ϕ for t > 0. The
case is recently considered in [2] which relates to the Ricci flow approach in
the study of regularity on the Gromov-Hausdorff limit. With an extra effort,
R. Bamler, E. Cabezas-Rivas and B. Wilking [2] show that if ϕ is the negative
part of the smallest eigenvalue of Rm(x, t) with respect to the certain curvature
cone, then ϕ satisfies (1.3) in the barrier sense. By establishing the estimates
on the heat kernel for the backward heat equation associated to the Ricci
flow g(t) which satisfies the conditions in Theorem 1.2, and if ϕ(0) ≤ δ, then
ϕ(t) ≤ Cδ within a short time-interval for some constant C > 0 depending only
on n, α, σ. By combining this with the partial Ricci flow method [13, 29], Lai
[15] was able to construct complete Ricci flow solution starting from complete
non-collapsed metrics which is of almost weakly PIC1 and remains almost
weakly PIC1 for short time. In [14], Hochard first showed the result of
Theorem 1.2 which is a localized version of that in [2] and holds for general
Ricci flow solutions with the estimates. His approach is by establishing careful
estimates of the heat kernels together with their gradients for the backward
heat equation on a nested sequences of domains. In this work, we will give a
direct proof by using the Dirichlet heat kernel estimates on fixed g0-geodesic
ball and Theorem 1.1.
The Ricci curvature assumption at t = 0 can be further weakened. We refer
readers to the full statement in Theorem 4.1. The localization is particularly
useful when one consider the partial Ricci flow. In particular, A. McLeod and
P. Topping [23] combined the localized maximum principle in [14], Lai’s Ricci
flow solution [15] and the technique developed in their earlier work [22] to
obtain smooth structure on noncollapsed IC1-limit space. In [18], the authors
used it to construct local Ka¨hler-Ricci flow starting from non-collapsed Ka¨hler
manifolds with almost nonnegative curvature and improve a result of Liu [20]
on the complex structure of the corresponding Gromov-Hausdorff limit, see
[21] for some further development.
The paper is organized as follows: In section 2, we will collect some useful
lemma which allows us to compare g0-geodesic ball and g(t)-geodesic ball.
In section 3, we will give a proof of Theorem 3.1 and a unified proof for
preservation of nonnegativity of some curvature conditions. In section 4, we
will obtain Dirichlet heat kernel estimates for the backward heat equation and
give a proof on Theorem 1.2.
2. Shrinking and expanding balls lemmas
Let (Mn, g(t)) be a Ricci flow defined on M × [0, T ]. Since g(t) may not
be complete, we use the following convention: Let (M, g) be a Riemannian
manifold without boundary which may not be complete. Let x ∈ M , r > 0.
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We say that B(x, r) ⊂M if the geodesic ball B(x, r) is a subset ofM . Namely,
expx is defined on the ball of radius r in the tangent space Tx(M) center at
the origin. We say that the injectivity radius ι(x) of x satisfies ι(x) ≥ ι0, if
B(x, ι0) ⊂M and expx is a diffeomorphism from the ball of radius ι0 onto its
image B(x, ι0). Observe that B(x, r) ⋐ M , then any point in B(x, r) can be
joined to x by a minimizing geodesic in M . If B(x, 2r) ⋐ M , then any two
points in B(x, r) can be joined by a minimizing geodesic lying inside B(x, 2r).
In particular, the distance function is well-defined in B(x, r).
In the rest of the work, we denote the ball of radius r with respect to g(t) by
Bt(x, r) and its volume by Vt(x, r). Moreover, the distance function is denoted
by dt.
Since g(t) is not complete, it is important to compare balls with respect to
g(t) for different time. Here are basic results which are used in this work. The
first one is the shrinking balls lemma by Simon-Topping [28, Corollary 3.3]:
Lemma 2.1. There exists a constant β = β(n) ≥ 1 depending only on n such
that the following is true. Suppose (Nn, g(t)) is a Ricci flow for t ∈ [0, S] and
x0 ∈ N with B0(x0, r) ⊂⊂ M for some r > 0, and Ric(g(t)) ≤ (n − 1)α/t on
B0(x0, r) for each t ∈ (0, S]. Then
Bt
(
x0, r − β
√
at
)
⊂ B0(x0, r),
and in general for 0 < s < t < T
Bt
(
x0, r − β
√
at
)
⊂ Bs
(
x0, r − β
√
as
)
.
In particular,
dt(y, x0) ≥ ds(y, x0)− β
√
a(t
1
2 − s 12 )
for all y ∈ Bg(t)
(
x0, r − β
√
at
)
.
We also has the following expanding balls lemma by He [11].
Lemma 2.2. For all n ∈ N and v0, α, σ > 0, there exist µ(n, v0, α, σ) > 1
and R0 = R0(n, v0, α, σ) > 0 such that the following holds: Let (M
n, g(t)) be
a Ricci flow for t ∈ [0, T ] with T ≤ 1. Suppose there is p ∈ N , R ≥ R0 and
α > 0 such that B0(p, R) ⋐M for all t ∈ [0, 1] and
(a) |Rm(x, t)| ≤ αt−1 for all x ∈ B0(p, R) and t ∈ (0, T ];
(b) Vt(x,
√
t) ≥ α−1tn/2 for all t ∈ (0, T ] and for all x with Bt(x,
√
t) ⊂
B0(p, R);
(c) V0(x, r) ≤ v0rn, for all 0 < r ≤ 1 for all x ∈ B0(p, R) with B0(x, 1) ⊂
B0(p, R);
(d) R0 ≥ −σ, in B0(p, R) and t ∈ (0, T ], where Rt is the scalar curvature
of g(t).
Then for all t ∈ [0, T ], we have
B0(p, µ
−1R) ⊂ Bt(p, 1
2
R).
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Proof. By Lemma 2.1, we have Bt(p,
3
4
R) ⋐M for all t ∈ [0, T ] provided
(c1): R ≥ C1.
Here and below Cl will denote a positive constant depending only onm, v0, α, σ.
By [28, Lemma 8.1], there is T1 = T1(m,α, σ) > 0, such that Rt ≥ −2σ on
Bt(p,
2
3
R) for t ∈ [0, T ∧ T1], if C1 is large enough.
Let 0 < τ ≤ T ∧T1 ≤ 1 and let β = β(n) is the constant in Lemma 2.1. Let
R1 = εR where 0 < ε < 1/2 to be chosen later. Define
r0 = max{r ∈ [0, R1] : B0(p, r) ⋐ Bτ (p, R1/2)}.
By Lemma 2.1 again, r0 ≤ 12R1 + β
√
α ≤ 1
2
R, provided C1 in (c1) is
large enough. By definition, there exist y ∈ M such that d0(p, y) = r0 and
dτ(p, y) = R1/2. Let γ : [0, r0] be a minimal g0-geodesic from p to y. Let N
be the positive integer such that
(2.1) r0 + 2βτ
1
2 ≥ 2βτ 12N ≥ r0.
Then we can find {xi}Ni=1 on γ such that B0(xi, β
√
τ ) are all disjoint and γ is
covered by
⋃N
i=1B0(xi, 2β
√
τ) which is a subset of B0(R) provided C1 is large.
Choose C1 large enough to that for each i, and for each z ∈ B0(xi, 2β
√
τ) we
have Bτ (z, 2
√
τ) ⊂ B0(p, R). Hence for each i, let {z(i)j }kij=1 be the maximal
set of points on B0(xi, 2β
√
τ) such that
∐kij=1Bτ (z(i)j ,
√
τ) ⊂ B0(xi, 2β
√
τ)
⊂
ki⋃
j=1
Bτ (z
(i)
j , 2
√
τ )
⊂ B0(p, R).
(2.2)
Then γ will be covered by ∪Ni=1 ∪kij=1 Bτ (z(i)j , 2
√
τ) so that by (2.1), we have
(2.3)
1
2
R1 = dτ (p, y) ≤ 2
√
τ
N∑
i
ki.
We want to estimate ki from above.
Let τ = min{T, T1, 2β−2}. By (b) we have
kiα
−1τm/2 ≤
ki∑
j=1
Vτ (z
(i)
j ,
√
τ )
≤ Vτ (B0(xi, 2β
√
τ ))
≤ C2V0(B0(xi, 2β
√
τ))
≤ C2v0τ m2 .
(2.4)
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The third inequality follows from ∂tdµt = −Rdµt and the lower bound on Rt.
Hence ki ≤ C3. By (2.3) and (2.1), we have:
1
2
R1 ≤2C3Nτ 12 ≤ 2C3τ 12 · r0 + 2βτ
1
2
2βτ
1
2
Therefore r0 ≥ C−14 R1 − 2βτ
1
2 and hence
B0(p, εC
−1
4 R − 2βτ
1
2 ) ⊂ Bτ (p, ε
2
R).
Suppose T ≤ T1 ∧ (2β)−2, then τ = T . For all t ≤ T , By Lemma 2.1, for
0 < t ≤ τ ,
Bτ (p,
ε
2
R) ⊂ Bt(p, ε
2
R + βτ
1
2 ) ⊂ Bt(p, 1
2
R)
provided C1 in (c1) is large enough. If T > T1 ∧ (2β)−2, then for T ≥ t ≥ τ ,
by condition (a), we have
Bτ (p,
ε
2
R) ⊂ Bt(p, εC5R) ⊂ Bt(p, 1
4
R).
provided that we choose ε = 1
4C5
. One can see that if C1 is large enough, then
the lemma is true.

3. Local maximum principle 1
In the rest of the paper, we use the following notation: For any numbers
a, b
(3.1) a ∧ b =: min{a, b}.
In this section, we will give a proof on the Theorem 1.1. Suppose (Mn, g(t)),
t ∈ [0, T ] is smooth solution to the Ricci flow with initial metric g0 which may
not be complete and satisfies:
(3.2) Ric(x, t) ≤ α
t
for (x, t) ∈ M × (0, T ] for some α > 1. We have the following local maximum
principle:
Theorem 3.1. Suppose (Mn, g(t)), t ∈ [0, T ] be as above. If ϕ(x, t) is a con-
tinuous function which satisfies ϕ ≤ αt−1 and(
∂
∂t
−∆
)
ϕ
∣∣∣
(x0,t0)
≤ L(x0, t0)ϕ(x0, t0)
for some continuous function L(x, t) satisfying L ≤ αt−1 in the sense of barrier
whenever ϕ(x0, t0) > 0. Suppose p ∈M such that B0(p, 2) ⋐M and ϕ(x, 0) ≤
Ka¨hler manifolds with almost non-negative curvature 7
0 on B0(p, 2), then for any l > α + 1, there is T1 = T1(n, α, l) such that for
t ∈ [0, T ∧ T1],
ϕ(p, t) ≤ tl.
Proof. We may assume that L ≥ 0, otherwise we can replace L by its positive
part. By Lemma 2.1, there is T1 = T1(n, α) > 0 such that Bg(t)(p, 3/2) ⋐M if
t ≤ T ∧ T1. Let dt(x) to be the distance function from p with respect to g(t).
Then dt(x) is defined in Bt(p, 1) and is realized by a minimal geodesic from p.
By [24], we have
(3.3) (
∂
∂t
−∆)(dt(x) + c1α
√
t) ≥ 0
for x ∈ Bt(p, 1) \Bt(p,
√
t) in the barrier sense for some c1(n).
Fix φ : [0,∞)→ [0, 1] be a smooth function such that
(3.4) φ(s) =

1 for 0 ≤ s ≤ 1
2
;
exp(− 1
(1−s)) for
3
4
≤ s ≤ 1;
0, for s ≥ 1.
and φ′ ≤ 0 and φ′′ ≥ −cφ. Then
(3.5) |φ′|+ |φ′′| ≤ c
for some absolute constant c > 0.
For r ∈ [ 1
24
, 1], let Φr(x, t) = exp(−cr−2t) · φ(dt(x)+c1α
√
t
r
). Note that
r
2
≤ dt(x) + c1α
√
t ≤ r
if and only if r− c1α
√
t ≥ dt(x) ≥ r2 − c1α
√
t. Hence if t ≤ T1 = 125 (c1α+1)−2,
and 0 < φ(x, t) < 1, then 1 ≥ dt(x) ≥
√
t. Therefore, by (3.3), we have(
∂
∂t
−∆
)
Φr ≤ 0
in the barrier sense in B0(p, 2)× [0, T1 ∧T ]. We also assume α is large enough
so that e−cr
−2T1 ≥ 1
2
. Moreover, supp(Φr(·, t)) ⊂ Bt(p, r). Next let η(t) ≥ 0 be
a smooth function in t. Now consider the function
F = −Φmr ϕ+ η.
Let η be chosen so that F > 0 near t = 0. Suppose
inf
B0(p,2)×[0,T1]
F ≤ 0,
then there is (x0, t0) with 0 < t0 ≤ T1 such that F (x0, t0) = 0, and F (x, t) ≥ 0
in B0(p, 2)× [0, T0]. At this point Φ > 0 and ϕ > 0.
On the other hand for any ε, there exist C2 functions σ(x), ζ(x) near x0
such that σ(x) ≤ Φr(x, t0), σ(x0) = Φr(x0, t0), ζ(x0) ≤ ϕ(x, t0) and ζ(x0) =
ϕ(x0, t0). Moreover,
∂−
∂t
Φr(x0, t0)−∆σ(x) ≤ ε
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where
∂−
∂t
Φr(x0, t0) = lim inf
h→0+
Φr(x0, t0)− Φr(x0, t0 − h)
h
and
∂−
∂t
ϕ(x0, t0)−∆ζ(x0)− L(x0, t0)ζ(x0) ≤ ε.
Then the function G(x, t) = −σm(x)ζ(x) + η(t). Then G(x0, t0) = F (x0, t0) =
0. Near x = x0, we have
G(x, t0) ≥ −Φmr (x, t0)ϕ(x, t0) + η(t0) = F (x, t0) ≥ 0.
because ϕ(x, t0) > 0 near x0. Then at (x0, t0),
ζ =
η
Φmr
;
∇ζ = −nζ∇σ
σ
;
|∇σ| ≤ |∇Φr|
and
0 ≤∆G
=− σm∆ζ − ζ∆σm − 2〈∇σm,∇ζ〉
=− σm∆ζ −mζσm−1∆σ −m(m− 1)ζσm−2|∇σ|2 − 2mσm−1〈∇σ,∇ζ〉
≤Φmr
(
−∂−
∂t
ϕ+ Lϕ+ ε
)
+mΦm−1r ϕ
(
−∂−
∂t
Φr(x0, t0) + ε
)
− 2mΦm−1r 〈∇σ,∇ζ〉
=
∂−
∂t
F − η′ + Φmr (Lϕ + ε) + εnΦm−1r ϕ+ 2n2σm−2ζ |∇σ|2
≤− η′ + Lη + εΦmr + εmΦm−1r ϕ+ 2m2η
|∇Φr|2
Φ2
because ϕ(x0, t0) > 0 and at (x0, t0),
∂−
∂t
F ≤ 0.
Let ε→ 0, at (x0, t0)
η′(t0) ≤η(t0)
(
L(t0) + 2n
2 |∇Φr|2
Φ2r(t0)
)
≤

η(t0)
(
L0 + C
2
1n
2
(
a0
η(t0)
) 2
m
)
; or
η(t0)
(
α
t0
+ C21n
2
(
α
t0η(t0)
) 2
m
)(3.6)
because at (x0, t0)
1
Φmr
=
ϕ
η
≤ α
t0η(t0)
,
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where L0 = maxL in B0(p, 2)× [0, T ] , a0 = max |ϕ| in B0(p, 2)× [0, T ]. Here
and below Ck will denote a positive constant depending only on n, α.
For any 1 > δ > 0, let η(t) = t
1
2 + δ, by the first inequality in the second
line in (3.6), we have
1
2
t
− 1
2
0 ≤ (t
1
2
0 + δ)
(
L0 +
C21m
2a
2
m
0
(t
1
2
0 + δ)
2
n
)
.
Choose m = 2 and r = 1, we see that there is τ > 0, small enough but
independent of δ so that t0 ≥ τ . Hence let δ → 0 We conclude that ϕ ≤ 2t 12
on Bt(p,
1
2
− c1α
√
t) near t = 0.
Next, for any integer k ≥ 1 and δ > 0, let η = δt 14 + tk and r = 1
2
. By the
first inequality in the second line in (3.6), we have
1
4
δt
− 1
4
0 + kt
k−1
0 ≤ (δt
1
4
0 + t
k
0)
(
L0 +
C21m
2a
2
m
0
(δt
1
4
0 + t
k
0)
2
m
)
.
Choose n large enough so that 2k/m < 1, then we can find τ1 > 0 such
that t0 > τ1. As before we may conclude that ϕ(t) ≤ 2tk near t = 0 on
B0(p,
1
4
− c1α
√
t). Next let l ≥ α + 1 be an integer and let η = 1
2
tl, r = 1
4
, we
use the second inequality in the second line in (3.6), we have
ltl−10 ≤ tl0
(
α
t0
+ C21m
2
(
α
tl+10
) 2
m
)
.
This implies:
tl−10 ≤ C21n2α
2
m t
l− 2
m
(l+1)
0 .
Choose m so that 2
m
(l + 1) = 1
2
, we conclude that t0 ≥ T2(α, l). We conclude
that
ϕ(p, t) ≤ tl
if t ≤ T2 ∧ T1 ∧ T . From this, the result follows. 
Theorem 3.1 is invariant under parabolic rescaling: Let (M, g(t)), ϕ, L be as
in the theorem. For any λ > 0. Define g1(t) = λg(λ
−1t), ϕ1(t) = λ−1ϕ(λ−1t)
and L1(x, t) = λ
−1L(λ−1t). Then g1(t) satisfies the curvature condition (3.2)
with the same α, ϕ1(t) = λ
−1ϕ(λ−1t) ≤ λ−1α(λ−1t)−1 = αt−1 and similarly,
L1(x, t) ≤ αt−1. Moreover, let s = λ−1t(
∂
∂t
−∆g1(t)
)
ϕ1 =λ
−2
(
∂
∂s
−∆g(s)
)
ϕ
≤λ−2L(x, s)ϕ(s)
=L1(x, t)ϕ1(t)
in the sense of barrier. Hence we have the following more general result:
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Corollary 3.1. Let (M, g(t)), t ∈ [0, T ], ϕ, L be as in the Theorem 3.1. Let
p ∈ M , r > 0 with B0(p, r) ⋐ M . Then for any positive integer l ≥ α + 1
which depends only on n, α there is T1(n, α, l) depending only on n, α, l such
that
ϕ(p, t) ≤ r−2(l+1)tl
for all t ≤ [0, T ∧ r2T1].
Proof. Let λ = r−24. Define g1, ϕ1, L1 as above. Then Bg1(0)(p, 2) ⋐ M . By
Theorem 3.1, for any l ≥ l0 which depends only on n, α,
ϕ1(p, t) ≤ tl
for t ∈ [0, T ′1 ∧ λT ] for some T1 > 0, depending only on n, α, l. Hence
ϕ(p, t) =λϕ1(λt)
≤λl+1tl
=r−2(l+1)4−(l+1)tl+1
≤r−2(l+1)tl
for t ∈ [0, (r2T1) ∧ T ] where T1 = 4T ′1. From this the result follows. 
From the above, in case g(t) is complete, then we have ϕ ≤ 0 by letting
r → ∞ under the conditions in the theorem. In fact, in this case, we do not
need the curvature assumption. Namely, we have the following as a corollary
of the method of proof of Theorem 3.1
Corollary 3.2. Let (Mn, g(t)) be a complete solution of the Ricci flow in
M × [0, T ]. Let ϕ, L be as in Theorem 3.1. Then ϕ ≤ 0 for t > 0.
Proof. For any compact set Ω, we have Ric(g(t)) ≤ αt−1 in Ω provided t is
small enough. Hence by Corollary 3.1, for any l ≥ 1, for any compact set Ω
there ϕ ≤ tl in Ω provided t is small depending only on Ω.
Let p ∈M and let b be such that Ric(g(t)) ≤ b2 in B1(p, 1) for all t ∈ [0, T ].
Then as before
(3.7)
(
∂
∂t
−∆
)
(dt(x) + c1bt) ≥ 0
in the sense of barrier on M \ Bt(p, 1b ) for some c1 = c1(n). Let φ be as in
(3.4). Then for A >> 1,(
∂
∂t
−∆
)
φ
(
dt(x) + c1bt
A
)
≤ c
A2
φ
(
dt + c1bt
A
)
in the barrier sense. Let Φ(x, t) = exp(− c
A2
t)φ. Then(
∂
∂t
−∆
)
Φ ≤ 0.
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in the sense of barrier. For any ε > 0 and an integer m ≥ 2, l > 1 + α. Let
F = −Φmϕ + εtl. Then the argument in the beginning of the proof showed
that F (x, t) > 0 on M × (0, t′) for some t′ > 0. If F (x, t) < 0 somewhere,
then there is x0 ∈ M , T ≥ t0 > 0 so that F (x0, t0) = 0 and F (x, t) ≥ 0 in
M × [0, t0]. Then as in (3.6), we have
εltl−10 ≤ εtl0
(
α
t0
+
C21m
2
A2
(
α
εtl+10
) 2
m
)
.
So
ε
2
nA2tl−10 ≤ t0 ≤ tl−
2
m
(l+1)
0 α
1
mC21m
2.
Fix l and choose m with 2
m
(l + 1) < 1
2
, then we have
ε
2
nA2C2 ≤ t1−
2
m
(l+1)
0 .
Choose A >> 1 so that ε
2
mA2C2 > T
1− 2
m
(l+1). We conclude that t0 > T . This
implies that ϕ(p, t) ≤ εtl in [0, T ]. Let ε → 0, we have ϕ(p, t) ≤ 0. Since p is
any arbitrary point on M , the result follows. 
Corollary 3.3. Let (Mn, g) be a complete Riemannian manifold with Ric(g).
Let ϕ, L be as in Theorem 3.1 with respect to ∂t−∆g instead. Then ϕ ≤ 0 for
t > 0.
Proof. By Laplacian comparison, we have (∂t −∆g)(dg(x, p) + Ct) ≥ 0 in the
sense of barrier for some fixed p ∈M and C > 0. Hence, the same proof as in
Corollary 3.2 implies the result. 
Corollary 3.2 implies that complete Ricci flow with curvature condition
|Rm(g(t))| ≤ αt−1 preserves the Ka¨hler condition. This recovers results in
[26, 12]. Another application of Corollary 3.2 is on preservation of nonnega-
tivity of various curvatures. Follow the setup in [2], we obtain the following
results which extend the curvature preservation result to complete noncompact
case with scaling invariant curvature bound. See [30] for a unified approach
in compact case and the case that g(t) is complete noncompact with bounded
curvature. Information about previous contributions by other people can also
be found in [30].
Theorem 3.2. Let (Mn, g(t)) be a smooth solution to the Ricci flow (which
is possibly incomplete) on M × [0, T ] such that the scalar curvature R satisfies
R(g(t)) ≤ αt−1 for some α > 0 on M × (0, T ]. Consider one of the following
curvature conditions C:
(1) non-negative curvature operator;
(2) 2-non-negative curvature operator, (i.e. the sum of the lowest two
eigenvalues is non-negative);
(3) (i.e. PIC2, meaning that taking the cartesian product with R
2 produces
a non-negative isotropic curvature operator),
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(4) weakly PIC1 (i.e. taking the cartesian product with R produces a non-
negative isotropic curvature operator),
(5) non-negative bisectional curvature, in the case in which (M, g(t)) is
Ka¨hler ;
(6) non-negative orthogonal bisectional curvature, in the case in which
(M, g(t)) is Ka¨hler .
Let p ∈ M and r > 0 be such that B0(p, r) ⋐ M and Rm(g(x, 0)) ∈ C and
Rm(g(t)) + αt−1I is in the same C for (x, t) ∈ B0(p, r)× (0, T ]. Then for all
l > α + 1, there is Tˆ (n, α, l) such that for all t ∈ [0, T ∧ Tˆ r2], Rm(g(p, t)) +
r−2(l+1)tlI is in the same C. In particular, if g(t) is a complete solution, then
Rm(g(t)) ∈ C for all t > 0.
Proof. Fix a curvature conditon C. Let
ℓ(x, t) = inf{ε > 0| Rm(g(x, t) + εI ∈ C}.
Then by [2] for (1)–(5) and by [19] for (6). We have(
∂
∂t
−∆
)
ℓ ≤ Rℓ+ c(n)ℓ2
in the sense of barrier for some constant c(n) depending only on n. By the
assumption on R and the assumption that Rm(g(t))+αt−1I ∈ C, we conclude
that (
∂
∂t
−∆
)
ℓ ≤ at−1ℓ
for some a > 0. Then ℓ = 0 at t = 0 because g(0) ∈ C. Then the conclusion
at p follows from Corollary 3.1.
When g(t) is a complete solution, we can let r → +∞ to conclude that
Rm(g(p, t)) ∈ C. Since p is arbitrary, the result follows. 
4. Local maximum principle 2
We will use the local maximum principle Theorem 3.1 to derive another
local maximum principle. This is a local version of the maximum principle
in [2]. This has been used to study preservation of almost nonnegativity of
certain curvatures, and to construct partial Ricci flow, which in turns is used to
obtain results on the structure of Gromov-Hausdorff limit of certain classes of
complete Riemannian or Ka¨hler manifolds assuming certain curvatures lower
bound. See [2, 14, 15, 18].
In this section, we always assume that the Ricci flow g(t) on M × [0, T ]
satisfies:
(4.1){ |Rm(g(x, t))| ≤ αt−1, for (x, t) ∈M × (0, T ]
injg(t)(x) ≥
√
α−1t, for all (x, t) ∈M × (0, T ] with Bt(x,
√
α−1t) ⋐M.
for some α > 1. Note that the conditions (4.1) are preserved with the same α
under parabolic rescaling: g(t)→ λg(λ−1t), λ > 0.
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Let ϕ ≥ 0 be a continuous function on M × [0, T ] such that ϕ satisfies:
(4.2)
(
∂
∂t
−∆
)
ϕ ≤ Rϕ +Kϕ2
in the sense of barrier, where R(g(t)) is the scalar curvature of g(t) and K ≥ 0
is a constant.
Theorem 4.1. Let g(t) be a smooth Ricci flow on M × [0, T ] which may not
be complete. Suppose g(t) satisfies conditions (4.1). In addition, assume that
(4.3){ R(g(0)) ≥ −σT−1 in M ;
V0(x, r) ≤ rn exp(v0rT− 12 ) for all r > 0, and x ∈M with B0(x, r) ⋐M .
Let ϕ be a nonnegative continuous function on M × [0, T ] satisfying (4.2). In
addition, assume that {
ϕ(0) ≤ δ, in M ;
ϕ(t) ≤ αt−1, in M × (0, T ].
Let p ∈ M be a point satisfying Bg0(p, 3RT
1
2 ) ⋐M for some R > 0. Then
ϕ(p, t) ≤ C((RT 12 )−2 + δ)
for t ∈ [0, T ] for some constants C > 0 depending only on n, α,K, v0, σ.
As an application, we have the following:
Corollary 4.1. Let (Mn, g(t)) be as in Theorem 4.1. Suppose Rm(g0)+δI ∈ C
for some δ > 0 where C is one of the cones (1)–(6) in Theorem 3.2. Let
p, R as in Theorem 4.1. Then at p, Rm(g(t)) + δ∗I ∈ C for t ∈ [0, T ] and
δ∗ = C((RT
1
2 )−2 + δ) for some C = C(n, α, v0, σ). In particular, if g(t) is
complete, then Rm(g(t)) + Cδ ∈ C.
Proof. As in the proof of Theorem 3.2, let
ℓ(x, t) = inf{ε > 0| Rm(g(x, t) + εI ∈ C}.
Then (
∂
∂t
−∆
)
ℓ ≤ Rℓ+ c(n)ℓ2
in the sense of barrier for some constant c(n) depending only on n. The
first result follows from the theorem. The second result follows by letting
R→∞. 
By rescaling, we can reduce the case to T = 1. Namely, let g1(t) = T
−1g(T t),
ϕ1(t) = Tϕ(T t). Then g1 still satisfies (4.1) and ϕ1(t) satisfies (4.2) with
R(g(t)) replaced by R(h(t)) on M × [0, 1]. Moreover,{ R(h(0)) ≥ −σ in M ;
V0(x, r) ≤ rn exp(v0r) for all r > 0, and x ∈M with B0(x, r) ⋐M .
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and {
ϕ(0) ≤ Tδ, in M ;
ϕ(t) ≤ αt−1, in M × (0, T ].
Hence we want to prove Theorem 4.1 with T = 1.
The theorem has been obtained by Hochard [13, Proposition I.2.1 & Propo-
sition II.2.6] by careful estimates of the heat kernels together with their gra-
dients for the backward heat equation on a nested sequences of domains. The
approach here is a localized version of the original method in [2]. The main
ingredients are the local maximum principle Theorem 3.1 and an upper bound
of the Dirichlet heat kernel.
4.1. Estimates of the Dirichlet heat kernel estimates. Let (Mn, g0) be
a Riemannian manifold. Let g(t) be a Ricci flow on M × [0, T ] with g(0) = g0.
g(t) may not be complete. Let GΩ(x, t; y, s), t > s be the Dirichlet heat kernel
for the backward heat equation coupled with the Ricci flow g(t):
(4.4)
 (∂s +∆y,s)GΩ(x, t; y, s) = 0, in int(Ω)× int(Ω)× [0, t);lims→t− GΩ(x, t; y, s) = δx(y), for x ∈ int(Ω);
GΩ(x, t; y, s) = 0, for y ∈ ∂Ω, x ∈ int(Ω).
Then
(4.5)
 (∂t −∆x,t −Rt)GΩ(x, t; y, s) = 0, in int(Ω) × int(Ω)× (s, T ];limt→s+ GΩ(x, t; y, s) = δy(x), for y ∈ int(Ω);
GΩ(x, t; y, s) = 0, for x ∈ ∂Ω, y ∈ int(Ω).
where Rt is the scalar curvature of g(t). Such GΩ exists and is positive in the
interior of Ω, see [9].
In this section, we want to obtain the upper estimates of GΩ(x, t; y, s) with
respect to y and g(s), under the conditions (4.1).
The following Dirichlet heat kernel estimate was implicitly proved in [4,
Theorem 5.1].
Lemma 4.1. Let (Mn, g0) be a Riemannian manifold and p ∈ M . suppose
g(t) is a solution to the Ricci flow on M × [0, 1] with g(0) = g0 such that
Bg0(p, r + 1) ⋐ M for some r ≥ 1 and |Rm(x, t)| ≤ A on M × [0, 1]. If Ω is
a bounded domain in M with smooth boundary such that Ω ⋐ Bg0(p, r) and
GΩ(x, t; y, s) is the Dirichlet heat with respect to the backward heat equation
on Ω × Ω × [0, 1], then there is C(m,A) > 0 such that for all 0 ≤ s < t ≤ 1,
x, y ∈ Ω,
GΩ(x, t; y, s) ≤ C
V
1
2
g0 (x,
√
t− s)V
1
2
g0 (y,
√
t− s)
× exp
(
−d
2
g0(x, y)
C(t− s)
)
.
Proof. Let Ω˜ be a bounded domain with smooth boundary so that Bg0(p, r +
1
2
) ⋐ Ω˜ ⋐ Bg0(p, r + 1). In particular, any two points in Ω˜ can be joined by a
minimizing geodesic in M . Let GΩ˜ be the heat kernel on Ω˜ × Ω˜ × [0, 1]. By
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the maximum principle, we have GΩ ≤ GΩ˜ on Ω× Ω× [0, 1]. In the following
Ci will denote constants depending only on m,A.
Step 1: Denote GΩ˜ by G. For 0 < s < t ≤ 1,
∂
∂t
(∫
Ω˜
G(x, t; y, s)dµx,t
)
=
∫
Ω˜
∆x,tG dµx,t =
∫
∂Ω˜
∂G
∂ν
≤ 0,
becauseG > 0 on int(Ω) andG = 0 on ∂Ω. Since limt→s+
∫
Ω˜
G(x, t; y, s)dµx,t =
1, we have for all y ∈ Ω˜.
(4.6)
∫
Ω˜
GΩ˜(x, t; y, s)dµx,t ≤ 1
Let f ∈ C∞(Ω) with 0 ≤ f ≤ 1 on Ω and f = 0 on ∂Ω. Let
u(x, t) =
∫
Ω˜
GΩ˜(x, t; y, s)f(y) dµy,s.
Then u satisfies (∂t −∆−Rt) with zero boundary data and with f as initial
data. By the maximum principle implies u(x, t) ≤ C1 for t ≥ s. Letting
f → 1, we have
(4.7)
∫
Ω˜
GΩ˜(x, t; y, s) dµy,s ≤ C1.
Step 2: Apply the argument of [4, Lemma 5.3] and Step 1, using the
mean value inequality [4, Lemma 3.1], volume comparison and the fact that
Bg0(x,
1
2
) ⋐ Ω˜ for all x ∈ Ω, we have pointwise estimate:
GΩ(x, t; y, s) ≤ GΩ˜(x, t; y, s) ≤ min
{
C2
Vg0(x,
√
t− s) ,
C2
Vg0(y,
√
t− s)
}
.
Together with the integral estimates in Step 1, we have on Ω,
(4.8)

∫
Ω
G2Ω(x, t; y, s) dµx,t ≤
C3
Vg0(y,
√
t− s);∫
Ω
G2Ω(x, t; y, s) dµy,s ≤
C3
Vg0(x,
√
t− s);
Step 3: Apply the method of proof in [10, Theorem 2.1]), see [4, Lemma
2.2], we have
(4.9)

∫
Ω
G2Ω(x, t; y, s)e
d2g0
(x,y)
C4(t−s) dµx,t ≤ C4Vg0 (y,√t−s) for all y ∈ Ω; and∫
Ω
G2Ω(x, t; y, s)e
d2g0
(x,y)
C4(t−s) dµy,s ≤ C4Vg0 (x,√t−s) for all x ∈ Ω.
Step 4: By the semi-group property of Dirichlet heat kernel (see [7, Lemma
26.12] for example), and using argument in the proof of [4, Theorem 5.5], we
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have
GΩ(x, t; y, s) ≤ C5
V
1
2
g0 (x,
√
t− s)V
1
2
g0 (y,
√
t− s)
× exp
(
− d
2
g0(x, y)
C5(t− s)
)
.

We can proceed as in [2, Proposition 3.1] to obtain the following proposition.
However, since g(t) may not be complete, extra care has to be taken. A sketch
of proof is given in the appendix.
Proposition 4.1. For any n, α > 0, there exist C(n, α) > 0 such that the
following holds. Suppose (Mn, g(t)) is a solution to the Ricci flow on [0, 1]
with initial metric g0 satisfying the conditions (4.1). Let p ∈ M is a fixed
point and Ω ⋐M is a domain with smooth boundary. Suppose Ω ⋐ Bt(p, r) ⊂
Bt(p, 4r) ⋐M for all t ∈ [0, 1] for some r ≥ 1. Let G(x, t; y, s) be the Dirichlet
heat kernel with respect to the backward heat equation on Ω×Ω× [0, 1]. Then
for any 0 ≤ s < t ≤ 1 and x, y ∈ Ω,
(4.10) G(x, t; y, s) ≤ C
(t− s)m2 exp
(
− d
2
s(x, y)
C(t− s)
)
.
where ds is the distance function with respect to g(s).
Remark 4.1. The condition that Ω ⋐ Bt(p, r) ⊂ Bt(p, 4r) ⋐ M is assumed so
that for x, y ∈ Ω, dt(x, y) is well-defined and realized by g(t)-geodesic lying in
Bt(p, 4r).
Suppose g0 also satisfies (4.3). By Lemma 2.2, we have the following:
Corollary 4.2. There exists R0(n, α, σ, v0) > 1, µ(n, α, σ, v0) > 1 with the
following properties: Suppose (Mn, g0) is a Riemannian manifold and g(t) is
a solution to the Ricci flow on M × [0, T ] with g(0) = g0 satisfying conditions
(4.1) and { R(g0) ≥ −σT−1 in M ;
V0(x, r) ≤ v0rn for 0 < r ≤ T 12 .
Then we can find and C(n, α) > 0 so that if p ∈ M with B0(p, R) ⋐ M with
R ≥ T 12R0, then the heat kernel G(x, t; y, s) on Bg0(p, µ−1R)× [0, T ] satisfies
(4.11) G(x, t; y, s) ≤ C
(t− s)n2 exp
(
− d
2
s(x, y)
C(t− s)
)
.
Proof. Let h(t) = T−1g(T t). Then h(t) is a Ricci flow defined in M × [0, 1]
satisfying (4.1) and (4.3). By Lemma 2.2 and Proposition 4.1, the results
follow by rescaling.

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4.2. Proof of Theorem 4.1. The following lemma reduces the bound on ϕ
to the integral bound of the heat kernel.
Lemma 4.2. Suppose (Mn, g(t)), t ∈ [0, T ] is smooth solution to the Ricci
flow with initial metric g0 which may not be complete. Suppose g(t) satisfies:
Ric(x, t) ≤ α
t
for (x, t) ∈ M × (0, T ] for some α > 1. Let ϕ be a nonnegative continuous
function on M × [0, T ] such that ϕ(0) ≤ δ, ϕ(t) ≤ αt−1 for some δ > 0 and(
∂
∂t
−∆
)
ϕ ≤ Rϕ +Kϕ2
in the barrier sense where R(g(t)) is the scalar curvature of g(t) for some
constant K > 0. Let p ∈ M such that Bg0(p, r) ⋐ M and G(x, t; y, s) is the
heat kernel on Bg0(p, r). Then we have
(4.12) ϕ(p, t) ≤ C (r−2 + δS)
for t ∈ [0, T ∧ r2T1] for some constant C(n, α,K), T1(n, α,K) > 0 and
S = sup
B0(p,r)×[0,r2T1∧T ]
∫
Bg0 (p,r)
G(x, t; y, 0)dµy,0.
Proof. Let g1(x, τ) = r
−2g(x, r2τ), ϕ1 = r2ϕ(x, r2τ) which is defined in M ×
[0, r−2T ]. Then Ric(g1(τ)) ≤ ατ−1, ϕ1(t) ≤ Kt−1, ϕ1(0) ≤ r2δ, R1(τ) =
R(g1(τ)) = r2R(g(t)), where t = r2τ . Hence ϕ1 satisfies:(
∂
∂τ
−∆g1(τ)
)
ϕ1 ≤ Rϕ +Kϕ2
in the sense of barrier in [0, r−2T ]. Let G1(x, τ ; y, u) be the heat kernel with
respect to g1(τ) and let G(x, t; y, s) be the heat kernel with respect to g(t).
Then
r
n
2G(x, t; u, s) = G1(x, τ ; y, u)
where t = r2τ, s = r2u. Hence∫
Bg1(0)(p,1)
G1(x, τ ; y, 0)(dµ1)y,0 =
∫
Bg0 (p,r)
G(x, t; y, 0)dµy,0
where (dµ)1 is the volume element of g1. Hence it is sufficient to prove the
case that r = 1.
We may assume that T ≤ 1 because ϕ(t) ≤ α for t ≥ 1. Let
ρ(x) = sup{r| B0(x, r) ⊂ B0(p, 1)},
and set
f(x, t) = δ
∫
B0(p,1)
G(x, t; y, 0)dµy,0.
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Then f(x, 0) = δ for x ∈ B0(p, 1) and
(
∂
∂t
−∆) f = Rf . Let A > δ be a
constant. Then Aρ−2 − ϕ > 0 at t = 0 and near ∂B0(p, 1). If Aρ−2 − ϕ < 0
somewhere on B0(p, 1)× [0, T ], then there is x0 ∈ B0(p, 1), t0 ≤ T such that
Aρ−20 = ϕ(x0, t0)
where ρ0 = ρ(x0) and Aρ
−2(x) ≥ ϕ(x, t) for all x ∈ B0(p, 1)× [0, t0]. Then for
x ∈ B0(x0, 12ρ0),
ϕ(x, t) ≤ Aρ−2(x) ≤ 4Aρ−20
for t ∈ [0, t0]. Hence (
∂
∂t
−∆
)
ϕ ≤ Rϕ + 4AKρ−20 ϕ.
in the sense of barrier in B0(x0,
1
2
ρ0)× [0, t0]. Let b = 4AKρ−20 and
u = e−btϕ− f.
Then u satisfies: (
∂
∂t
−∆
)
u ≤ Ru.
in the sense of barrier in B0(x0,
1
2
ρ0)× [0, t0] and u(0) ≤ 0. By Corollary 3.1,
for all l > max{α,K}+ 1, there is 1 ≥ T (l, n, α,K) > 0 such that
u(x0, t) ≤ (1
2
ρ0)
−2(l+1)tl
for all t ∈ [0, t0 ∧ (14ρ20T1)]. On the other hand,
Aρ−20 = ϕ(x0, t0) ≤ αt−10 .
Suppose A ≥ 4α/T1, then
t0 ≤ α
A
ρ20 ≤
1
4
ρ20T1 ≤
1
4
ρ20.
Hence we have
u(x0, t0) ≤ 4ρ−20 .
because 4t0ρ
−2
0 ≤ 1. We conclude that
4ρ−20 ≥ −f(x0, t0) + e−2bt0Aρ−20
and
A ≤ ρ20e2bt0
(
f(x0, t0) + 4ρ
−2
0
) ≤ C1(δS + 1)
for some C1 > 1 depending only on α,K, because ρ0 ≤ 1 and
bt0 = 4Aρ
−2
0 t0 ≤ 4α.
Note that S ≥ 1. Hence if A = C1(δ(S + ε) + 1) with ε > 0, we conclude that
ϕ(x, t) ≤ Aρ−2(x)
for all (x, t) ∈ B0(p, 1)× [0, T1 ∧ T ]. Let ε→ 0, the result follows.

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Now we are ready to prove Theorem 4.1.
Proof of Theorem 4.1. As mentioned in the beginning of this section, we will
assume T = 1 for convenience. Let R0, µ be as in Corollary 4.2 with v0 replaced
by ev0 . And let T1 be the constant in Lemma 4.2. First consider the case
R ≥ R0. Then the heat kernel G(x, t; y, s) in B0(p, µ−1R)×B0(p, µ−1R)×[0, T ]
satisfies:
(4.13) G(x, t; y, 0) ≤ C1t−n2 exp
(
−d
2
0(x, y)
C1t
)
for x, y ∈ B0(p, µ−1R) and t ∈ [0, T ]. By Lemma 4.2, we have
ϕ(p, t) ≤ C2(δS +R−2)
for some constant C2 = C2(α,K) and t ∈ [0, T ∧ T2R2], where T2 = µ−2T1
which depends only on n, α,K and
S = sup
(x,t)∈B0(p,µ−1R)×[0,T∧T3]
∫
B0(p,µ−1R)
G(x, t; y, 0)dµy,0
By (4.13) for such a point (x, t) in spacetime:∫
B0(p,µ−1R)
G(x, t; y, 0)dµy,0
≤C1t−n2
∫
B0(p,µ−1R)
exp
(
−d
2
0(x, y)
C1t
)
dµy,0
≤C1t−n2
∫
B0(x,2µ−1R)
exp
(
−d
2
0(x, y)
C1t
)
dµy,0
≤C1
∫ 2µ−1R
0
exp
(
− r
2
C1t
)
A(r)dr
≤C1
(
t−
n
2 V0(x, 2µ
−1R) exp
(
−4µ
−2R2
C1t
)
+ 2C−11 t
n
2
+1
∫ 2µ−1R
0
r exp
(
− r
2
C1t
)
V (r)dr
)
≤C2
for some C3 = C3(n, α,K, v0). Here we have used the fact that V (r) =
V0(x, r) ≤ rn exp(v0r) for r > 0. Here A(r) is the area of ∂B0(x, r) with
respect to g0. To summarize, we have
ϕ(p, t) ≤ C4(R−2 + δ)
for t ∈ [0, T ∧ T2R2]. If T > T2R2 and R2T2 ≤ t ≤ T , then
ϕ(p, t) ≤ αt−1 ≤ αT−12 R−2.
This completes the proof of the theorem for the case that R ≥ R0.
20 Man-Chun Lee and Luen-Fai Tam
When R < R0, let T3 = T2 ∧ R−20 . By Corollary 4.2, the heat Kernel
G(x, t; y, s) on B0(p, µ
−1R)×B0(p, µ−1R)× [0, T3R2] satisfies the same bound
as in (4.13). Now the same argument above shows that for all t ∈ [0, T3R2],
ϕ(p, t) ≤ C5(R−2 + δ).
For t ∈ [T3R2, 1], ϕ(p, t) ≤ C6R−2 as ϕ ≤ αt−1 for some C6(n, α,K, v0, σ).
Combines two cases, this completes the proof.

Appendix A.
In this appendix we give a proof of Proposition 4.1. We also obtain a
gradient estimate for the heat kernel. The gradient estimate will not be used
in this work, but it may have some independent interest.
A.1. Heat Kernel estimate. In this subsection, we give a proof of the
Proposition 4.1. The argument is almost identical to that in [2, Proposition
3.1]. We include it here for reader’s convenience. Note that g(t) may not be
complete, extra care has to be taken.
Proof of Proposition 4.1. Note that by for x, y ∈ Ω and for all s ∈ [0, 1],
ds(x, y) can be realized by a minimizing geodesic inside Bg(s)(p, r + 1). We
first prove the following claim.
Claim A.1. There exists C(m,α) > 0 such that
G(x, 1; y, 0) ≤ C exp
(
−d
2
g0
(x, y)
C
)
.
Proof of claim: In the following Ci will denote a constant depending only
on m and α. The proof is almost same as that in [2]. Let tk = 16
−k, k ≥ 0 is
an integer. Apply Lemma 4.1 to (tk − tk+1)−1g(tk+1 + (tk − tk+1)t) which has
curvature bounded by C1 in M × [0, 1], we have for all k,
G(x, tk; y, tk+1) ≤ C2
(tk − tk+1)m2
exp
(
− d
2
g(tk)
(x, y)
C2(tk − tk+1)
)
.(A.1)
Here we have used assumption (4.1) and volume comparison. In particular,
G(x, 1; y, t1) ≤ C2
(1− t1)m2
exp
(
− d
2
g(1)(x, y)
C2(1− t1)
)
≤ C3.
Since (∂s +∆y,s)G(x, t; y, s) = 0, for s < t, by maximum principle, we have
(A.2) G(x, 1; y, s) ≤ C3.
for x, y ∈ Ω and for s < t1.
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For any d > 0, let dk = d
∑k
i=1 2
−i. Let ak = supΩ\B0(x,dk)G(x, 1; ·, tk). We
want to prove that there is a constant C4 > 0 such that if d > C4, then
(A.3) ak ≤ C5 exp
(
− d
2
C5
)
,
which will imply that Claim A.1 is true if d0(x, y) ≥ 2C4 by taking d =
1
2
d0(x, y) in the above. If d0(x, y) ≤ 2C4, the claim is still true by (A.2) with
C3 replaced by a possibly larger constant depending only on α,m.
To prove (A.3), the semigroup property implies for y ∈ Ω \B0(x, dk),
G(x, 1; y, tk)
=
∫
Ω
G(x, 1; z, tk−1)G(z, tk−1; y, tk) dµz,tk−1
=
(∫
Ω\Bg(0)(x,dk−1)
+
∫
Ω∩Bg(0)(x,dk−1)
)
G(x, 1; z, tk−1)G(z, tk−1; y, tk) dµz,tk−1
= I + II.
By (4.6) in Step 1 in the proof of Lemma 4.1, we have
I ≤ ak−1.
By (A.2),
II ≤ C6
∫
Ω∩Bg(0)(x,dk−1)
G(x, 1; z, tk−1)G(z, tk−1; y, tk) dµz,tk−1
≤ C6
∫
Ω\Bg(0)(y,2−kd)
G(z, tk−1; y, tk) dµz,tk−1
≤ C6
∫
Ω\Bg(tk−1)(y,2−k−1d)
G(z, tk−1; y, tk) dµz,tk−1
(A.4)
where we have used Lemma 2.1 so that if dg0(z, y) ≥ 2−kd, then
dg(tk−1)(z, y) ≥ dgˆ0(z, y)− 2−k−1βn
√
α
≥ 2−kd− 2−k−1βn
√
α
≥ 2−k−1d.
(A.5)
provided d >> cn
√
α.
Using the volume comparison and (A.1),
II ≤ C7 exp
(
−2
kd2
C7
)
.(A.6)
As a result, for any k > 1, ak ≤ ak−1 + C7 exp
(
−2kd2
C7
)
. Hence
ak ≤ C8
k∑
i=1
exp
(
−2
id2
C
)
≤ C8 exp
(
− d
2
C8
)
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provided that d ≥ C(n, α) for some large constant C(m,α) depending only on
n and α. This proves (A.3). This completes the proof of Claim A.1.
Let 0 ≤ s < s+ τ ≤ 1 and consider gˆ(t) = τ−1g(s+ τt), t ∈ [0, 1]. Then gˆ(t)
is a solution to the Ricci flow M × [0, 1]. Since τ < 1, one can see that other
conditions in the proposition are also true. Since the Dirichlet heat kernel
Gˆ(x, t; y, s) of gˆ(t) and that of g(t) is related by
τ
m
2 G(x, s + τ ; y, s) = Gˆ(x, 1; y, 0).
The result follows from Claim A.1. 
A.2. Gradient estimates. The following gradient estimate for the backward
heat equation coupled with the Ricci flow is standard. We will give a proof
using maximum principle.
Proposition A.1. Under the assumptions and notation in Proposition 4.1,
let u be a solution to the backward heat equation in Ω:(
∂
∂t
+∆
)
u = 0.
There is C(m,α) > 0 such that if y ∈ Ω and 1 ≥ τ > s > 0 with Bg(s)(y,
√
s) ⊂
Ω, then
|∇g(s)u| ≤ C√
s1 − s supBg(s)(y, 12√s)×[s,s1]
|u|
where 0 < s < s1 ≤ 1, and s1 ≤ 2s.
Proof. Consider u(z, t) where z ∈ Ω, 0 ≤ t ≤ 1. In the following the gradient
and Laplacian are computed with respect to g(t) unless stated otherwise. Let
s1 = min{2s, 12(τ + s)}. Then s < s1 ≤ 1, s < s1 < 2s. Using the curvature
assumption that |Rm(g(t)| ≤ αt−1 in M × (0, 1], by the Ricci flow equation
and local estimates of the derivatives of the curvature (see [26] for example)
that for all t ∈ [s, s1], ∃λ(m, a) > 1, so that for all t ∈ [s, s1],
(A.7) λ−1g(s) ≤ g(t) ≤ λg(s)
and
(A.8) |∇Rm(g(t))| ≤ λt−1− 12 .
On the other hand, by the Hessian comparison, ∇2sds(y, z) ≤ λs−
1
2gs(z) for
z ∈ Ω \Bg(s)(y, 12
√
s). On the other hand, since ∂tΓt = g
−1 ∗ ∇Ric, (A.8) will
imply that for t ∈ [s, s1],
|Γt − Γg(s)|t ≤ C(m, λ)
∫ t
s
1
u3/2
du ≤ C(m, λ)s−1/2.(A.9)
Together with (A.7), we conclude that for z ∈ Ω \Bg(s)(y, 12
√
s),
(A.10) ∆tds(y, z) ≤ λs− 12
for a possibly larger λ(m,α) in the sense of barrier.
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Direct computation show that u satisfies
−
(
∂
∂t
+∆
)
u(z, t) = 0;
−
(
∂
∂t
+∆
)
|u|2 = −2|∇u|2;
−
(
∂
∂t
+∆
)
|∇u|2 = −4Ric(∇u,∇u)− 2|∇2u|2.
Let 1 ≥ φ ≥ 0 be a smooth function on [0,∞) so that φ = 1 on [0, 1
4
], φ = 0
on [1
2
,∞) and 0 ≥ φ′ ≥ −cφ 12 , |φ′′| ≤ cφ 12 for some absolute constant c. Let
Φ = (s1 − t)φ(2ds(y, z)/s 12 ) and let
F = Φ|∇u|2 + C1u2
where C1 = C1(m,α) > 0 to be determined. Then in Ω × [s, s1] and in the
sense of barrier we have:(
− ∂
∂t
−∆
)
F =|∇u|2
(
− ∂
∂t
−∆
)
Φ− 2〈∇Φ,∇(|∇u|2)〉
+ Φ
(−4Ric(∇u,∇u)− 2|∇2u|2)− 2C1|∇u|2.(A.11)
Now, using the metric equivalence (A.7), we have(
− ∂
∂t
−∆
)
Φ =φ− (s1 − t)∆φ
≤φ+ C2(s1 − t)s−1φ 12
≤C3
because s1 ≤ 2s. Also,
2|〈∇Φ,∇(|∇u|2)〉| ≤C4(s1 − t)s− 12 |φ′| |∇u| |∇2u|
≤2Φ|∇2u|2 + C5|∇u|2.
and
−4ΦRic(∇u,∇u) ≤ C6|∇u|2
where we have used the curvature estimates and the fact that s ≤ s1 ≤ 2s.
Combining this with (A.11), we conclude that(
− ∂
∂t
−∆
)
F ≤(C3 + C5 + C6)|∇u|2 − 2C1|∇u|2
≤− |∇u|2
(A.12)
in the sense of barrier if we choose 2C1 = (C3+C5+C6)+1. Apply maximum
principle on F , we either have
Case 1. On [s, s1], F achieves its maximum at t = s1 so that F = C1u
2.
Case 2. On [s, s1], F achieves its maximum at some point with |∇u| = 0 there.
Case 3. F achieves its maximum on ∂Bgs(y,
1
2
√
s) which implies F = C1u
2
there.
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Combine all cases and putting (z, t) = (y, s), we conclude that at (y, s),
|∇u| ≤ C
1
2
1√
s1 − s supBs(y, 12√s)×[s,s1]
|u|.

By the proposition, we can obtain a gradient estimate for G as a corollary.
Proposition A.2. Under the assumptions in Proposition 4.1, there exist
C(m,α) > 0 such that if y ∈ Ω and s > 0 such that Bg(s)(y,
√
s) ⊂ Ω,
then for x ∈ Ω \Bg(s)(y,
√
s) and 0 < s < τ ≤ 1,
|∇y,sG(x, τ ; y, s)| ≤ C√
s(τ − s)n exp
(
− d
2
s(x, y)
C(τ − s)
)
.
Proof. Let x, t, y, s as in the proposition. Let u(z, s) = G(x, t; y, s). Let s1 =
min{2s, 1
2
(τ + s)}. Then s < s1 ≤ 1, s < s1 < 2s and for t ∈ [s, s1]
(A.13) τ − s ≥ τ − t ≥ 1
2
(τ − s).
By Propositions A.1 and Proposition 4.1, at (y, s)
|∇u| ≤ C
1
2
1√
s1 − s supBs(y, 12√s)×[s,s1]
u
≤ 1√
s1 − s ·
C8
(τ − s)m2 supz∈Bgs(y, 12√s)
exp
(
−
d2g(s)(x, z)
C8(τ − s)
)
≤ 1√
s1 − s ·
C8
(τ − s)m2 exp
(
− d
2
s(x, y)
4C8(τ − s)
)
where we have used the fact that τ − s ≥ τ − t ≥ 1
2
(τ − s), (A.7) and the
fact that dg(s)(x, z) ≥ dg(s)(x, y)−dg(s)(y, z) ≥ 12dg(s)(x, y) because dg(s)(x, y) ≥√
s ≥ 2dg(s)(y, z) for z ∈ Bg(s)(y, 12
√
s). If s1 = 2s, we conclude the proposition
is true. If s1 =
1
2
(τ + s), then s1 − s = 12(τ − s). On the other hand,√
s√
τ − s exp
(
− d
2
s(x, y)
8C8(τ − s)
)
≤ C9.
because d2g(s)(x, y) ≥ s. In this case, the proposition is still true. This finishes
the proof of the proposition.

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